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A Derivation of the Dual

Here we derive the dual of the regularized risk with the example loss `β(w, x, y).
The primal Lagrangian (which we have to minimize w.r.t. w) is given by

L(w, u) =
N∑
n=1

−〈w, φ(x(n), y(n))〉

+
1
β

log
∑
y

exp(β〈w, φ(x(n), y)〉+ β∆(y, y(n)))

+
C

2
‖w‖22.

We define zn,y = 〈w, φ(x(n), y)〉+∆(y, y(n)), we thus get

L(w, z, u) =
N∑
n=1

−〈w, φ(x(n), y(n))〉+
1
β

log
∑
y

exp(βzn,y)

+
C

2
‖w‖22

−
N∑
n=1

∑
y

un,y[zn,y − 〈w, φ(x(n), y)〉 −∆(y, y(n))]

= −
N∑
n=1

∑
y

zn,yun,y +
1
β

log
∑
y

exp(βzn,y)

+
N∑
n=1

−〈w, φ(x(n), y(n))〉+
C

2
‖w‖22

+
N∑
n=1

∑
y

un,y[〈w, φ(x(n), y)〉+∆(y, y(n))].

Taking the derivatives w.r.t. the primal variable w we get

∂L(w, z, u)
∂w

=
N∑
n=1

−φ(x(n), y(n)) + Cw +
N∑
n=1

∑
y

un,yφ(x(n), y) != 0,
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and thus

w∗ =
1
C

N∑
n=1

[φ(x(n), y(n))−
∑
y

un,yφ(x(n), y)].

The dual function is thus

inf
z,w
L(w, z, u) = −1

2
uTAu+ bTu

− sup
z

[
uT z − 1

β

N∑
n=1

log
∑
y

exp(βzn,y)
]

= − 1
2C

uTAu+ bTu− 1
β

N∑
n=1

∑
y

un,y log un,y.

In addition, we get the constraints un,y ≥ 0 and
∑
n,y un,y = 1. The last step

follows from the minimization w.r.t. z:

un,y =
exp(βzn,y)∑
y′ exp(βzy′)

.

This is solvable for un,y ≥ 0,
∑
n,y un,y = 1:

z∗n,y =
1
β

log(un,y).

Putting this back into the primal we get

N∑
n=1

1
β
un,y log(un,y)− 1

β

N∑
n=1

log(
∑
y

exp(log(un,y))) =
1
β

N∑
n=1

∑
y

un,y log un,y.

The dual problem is thus:

min
u

1
2C

uTAu− bTu+
1
β

N∑
n=1

∑
y

un,y log un,y

s.t. un,y ≥ 0∑
y

un,y = 1 ∀n

B Inverse Temperature in the CRF objective

Our goal here is to show that the loss

N∑
n=1

− 1
β

logPβ(y(n)|x(n), w) +
C

2
‖w‖2,
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is equivalent to the standard log-loss with regularizer parameter C ′ = C/β.

N∑
n=1

− 1
β

logPβ(y(n)|x(n), w) +
C

2
‖w‖2

⇔
N∑
n=1

− logPβ(y(n)|x(n), w) +
βC

2
‖w‖2

⇔
N∑
n=1

− logP (y(n)|x(n), w) +
βC

2
‖w
β
‖2

⇔
N∑
n=1

− logP (y(n)|x(n), w) +
C

2β
‖w‖2.

And thus C ′ = C/β.
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